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Nuclear Magnetic Moment of 210 Fr: A Combined Theoretical and Experimental Approach
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We measure the hyperfine splitting of the 9S1=2 level of 210 Fr, and find a magnetic dipole hyperfine
constant A  622:2536 MHz. The theoretical value, obtained using the relativistic all-order method
from the electronic wave function at the nucleus, allows us to extract a nuclear magnetic moment of
4:385N for this isotope, which represents a factor of 2 improvement in precision over previous
measurements. The same method can be applied to other rare isotopes and elements.
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The nuclear magnetic moment characterizes the magnetization of the nucleus with a single parameter. This fundamental quantity plays an important role in many atomic
and nuclear processes including parity violating interactions. More specifically, the nuclear magnetic moment is
necessary for extracting accurate information about the
weak interaction in the nucleus [1] from atomic parity
nonconservation (PNC) measurements [2]. Recent
progress in ab initio calculations of the hyperfine constants
of excited electronic states of alkali atoms [3] allows us to
accurately extract the nuclear magnetic moment from a
hyperfine splitting measurement. In the case of francium,
the heaviest alkali, a measurement of the 9S1=2 hyperfine
splitting of 210 Fr provides a hyperfine manifold with less
dependence on electron correlations than the ground state
for the extraction of the magnetic moment.
The interaction of an electron with the nuclear magnetic
moment produces the hyperfine splitting of the electronic
energy levels. More specifically, the 9s level of 210 Fr has
two hyperfine levels with total angular momentum of F 
11=2 and F  13=2 split by the interaction of the valence
electron with angular momentum J  1=2 with the nuclear
spin I  6. The hyperfine level energy shift is Ehf =@ 
AK=2, where K  FF  1  II  1  JJ  1 [4],
and A is the magnetic dipole hyperfine constant given by
the Fermi Segré formula [5]:
A
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where 0 is the magnetic constant, N is the nuclear
magneton, B is the Bohr magneton, gI is the nuclear g
factor, 0 is the wave function of the electron at the
center of the nucleus, and  includes the relativistic correction, the Breit-Rosenthal-Crawford-Schawlow [6 –8]
correction, and the Bohr-Weisskopf effect [9].
Equation (1) implies that a comparison with ab initio
theory requires knowledge of the electronic wave function
at the nucleus, , and gI . All corrections are incorporated
directly into the electronic wave function calculation including the nuclear structure. The electronic calculation
0031-9007=08=100(17)=172502(4)

and a measurement of A from the hyperfine splitting can
then be used to determine gI . In the case of francium, gI
has been directly measured with an atomic beam magnetic
resonance technique on the ground state with 2% precision
in only one isotope: 211 Fr [10]. We use the hyperfine
splitting of an excited s level, since it is less sensitive to
correlation corrections than the ground s level, despite its
smaller value than the ground state. The gI determination
method presented in this letter provides a factor of 2
improvement in accuracy in francium and can also be
applied to other elements.
The production, cooling and trapping of Fr online with
the Superconducting LINAC at Stony Brook is described in
Ref. [2]. Briefly, a 100 MeV beam of 18 O ions from the
accelerator impinges on a gold target to make 210 Fr. We
extract 1  106 francium ions/s out of the gold and
transport them about 15 m to a cold yttrium neutralizer
where we accumulate the Fr atoms. We heat the neutralizer
which releases neutral francium atoms into a dry-film
coated vacuum glass, where we cool and trap 104 –105
atoms in steady state in a magneto-optical trap.
Figure 1 shows the energy levels of 210 Fr relevant for
trapping and the hyperfine splitting measurements. A
titanium-sapphire (Ti:sapphire) laser at 718 nm provides
cooling and trapping light near the cycling transition
(7S1=2 , F  13=2 ! 7P3=2 , F  15=2). A second
Ti:sapphire laser at 817 nm repumps atoms that leak out
of the cooling cycle via the 7S1=2 , F  11=2 ! 7P1=2 , F 
11=2 transition.
We excite the 9s level in a manner similar to that used
for previous measurements of the atomic lifetimes of the 9s
and 8p levels [11]. Atoms are moved out of the trap cycling
transition with a depumping laser pulse (7S1=2 , F 
13=2 ! 7P3=2 , F  13=2) and into the 7S1=2 , F  11=2
level where a subsequent pulse from the repumper laser
takes them to the 7P1=2 , F  11=2 level. From this last
level, we excite atoms to the 9s levels with a laser pulse
(100 – 400 ns long) at 744 nm from a third Ti:sapphire laser
which is turned off in 10 ns with an extinction ratio better
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FIG. 1. Energy levels of Fr for trapping and 9S1=2 hyperfine
measurement.

than 400:1 by electro-optical and acousto-optical modulators. We scan the 744 nm excitation laser across the 7P1=2
F  11=2 ! 9S1=2 F  11=2 and 7P1=2 F  11=2 !
9S1=2 F  13=2 transitions and record the fluorescence at
423 nm from the 8P3=2 decay channel as a function of the
optical excitation frequency (see Fig. 2, 8P3=2 ! 7S1=2
decay channel).
We use a confocal temperature-stabilized Fabry-Perot
cavity to lock all the lasers [12] and as a ruler in frequency
space. The cavity resonances of a stabilized helium-neon
laser indicate the free spectral range of the cavity at
633 nm. We measure the cavity free spectral range Ffsr 
299:78  0:03 MHz in the vicinity of the 7P1=2 ! 9S1=2
transition at 744 nm. We determine the hyperfine splitting
fHFS by measuring the frequency difference of the two
transitions modulo Ffsr . The integer number of cavity
free spectral ranges separating the two hyperfine levels is
determined from wave meter readings.
We understand the shape of the resonances with a model
based on a density matrix approach described in
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FIG. 2. Frequency scan of the 9S1=2 state showing the two
hyperfine resonances as labeled. The continuous lines are the
model calculations. The frequency origin is centered around the
7P1=2 , F  11=2 ! 9S1=2 , F  13=2 transition.
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Refs. [13,14]. The model calculates steady state populations in all the levels. The model includes a single 7s F 
11=2 level, a single 7P1=2 F  11=2 level, and two 9S1=2
levels. All other available levels enter only as decay paths
and are included without hyperfine structure: 7P3=2 , 8P1=2 ,
8P3=2 , 6D3=2 , 6D5=2 . The model has two laser fields connecting the 7s ! 7P1=2 at 817 nm and 7P1=2 ! 9S1=2 at
744 nm. We solve it numerically for a given set of laser
field parameters (detuning and intensity, assuming infinitely narrow laser linewidths), and for a given excitation
path (which mF levels participate in the excitation). We
average the solution over the 5:4 MHz long term linewidths of the 817 and 744 nm excitation lasers. If there are
several possible excitation paths (i.e. a spread of mF levels
are used), then this can show up as a broadening. The
model incorporates the possibility of different excitation
paths by solving the density matrix for each individual
excitation path that has a corresponding ac Stark shift.
Finally, we average over a range of laser intensities to
account for the focusing of the excitation lasers.
The experimental data are fitted to the result of the
model using a nonlinear least-squares fit (MarquardtLevenberg). The model fits the individual 9s resonances
well (reduced 2 1:7). Figure 2 shows experimental data
with the fit, including the amplitude as a parameter, applied
separately to the two resonances. The observed line shapes
are in agreement with the fitting model, which includes
possible differential ac Stark shifts. The differential ac
Stark shift is small and appears due to a slight detuning
of the 817 nm laser from resonance.
The uncertainty in the measurement is dominated by the
statistical error of 1:89 MHz on the fit. Other contributions are the cavity calibration (  0:42 MHz), the linearity
of the cavity scan (  0:28 MHz), the differential Zeeman
shift (  0:87 MHz), and differential Doppler shifts due
to the pushing of the atoms by the excitation lasers
(  0:96 MHz). We measure the hyperfine splitting of the
9s level to be fHFS  4044:65  2:34 MHz. This hyperfine splitting corresponds to a hyperfine magnetic dipole
constant of A  622:25  0:36 MHz. The measurement
has a fractional uncertainty of 0.06%. A direct wave meter
measurement of the hyperfine splitting, consistent with
the previous number, also gives the (center of gravity)
7S1=2 ! 9S1=2 transition energy E  25 671:0153 
0:0014 cm1 , itself consistent with the location of the
9S1=2 , F  13=2 state in 210 Fr [2].
Our high-precision calculation of the 210 Fr nuclear magnetic values using a relativistic all-order method, includes
all single, double, and partial triple (SDpT) excitations of
the Dirac-Hartree-Fock wave function to all orders of
perturbation theory [3]. The ab initio values of the hyperfine constants for the ns and np1=2 states of the alkali-metal
atoms from Na to Cs obtained by this method agree with
experiment to 1% or better [3]. We establish the accuracy
of the determination of the 210 Fr nuclear magnetic moment
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TABLE I. Hyperfine magnetic dipole constants A for the ns
states of 133 Cs and 210 Fr in MHz including the percentage
contributions of the correlation correction and triple excitations.
Cs
DHF
SD
Final
Correlation(%)
Triple excitations (%)
Experiment
Reference
Fr
DHF
SD
Final
Correlation(%)
Triple excitations (%)
Experiment
Reference

6s

7s

8s

1424
2439
2276
37.4
7:2
2298.157
[4]
7s
4762
7750
7277
34.6
6:5
7195.1(9)
[17]

391.2
560.9
540.0
27.6
3:9
545.90(9)
[15]
8s
1220
1632
1584
22.9
3:1
1577.8(23)
[18]

163.4
223.4
216.8
24.6
3:1
219.3(1)
[16]
9s
501.2
639.1
624.8
19.8
2:3
622.32(30)
Present Letter

using our calculation of the Cs hyperfine constants. Table I
summarizes the calculations for Cs and Fr. We list lowestorder Dirac-Hartree-Fock results (DHF), all-order SD results which exclude all triple contributions, and our final
SDpT results.
Since we use Cs as the benchmark test for the determination of the 210 Fr nuclear magnetic moment, we only need
to study the difference in the application of the SDpT
method to Cs and Fr. To compare Cs and Fr cases, we
also include the relative contribution of the correlation
correction, defined as the difference of the final results
and DHF values, relative to the final values as well as the
relative contribution of the triple excitations, defined as the
difference of the SDpT and SD values, relative to the final
values. These comparisons show that Fr and Cs cases are
very similar, as expected. As it was shown in Refs. [19–
21], the inclusion of the effects of the triple excitations
beyond the ones included in this work, as well as other
higher-order effects, is significantly cancelled out by the
nonlinear terms. Small differences in the relative contributions are most likely due to slightly different cancellations
in the correlation correction terms in Cs and Fr cases.
We probe the effect of some of the omitted higher-order
correlation corrections with a sensitivity analysis that uses
a semiempirical scaling of the dominant contribution of the
correlation correction [3]. The resulting relative correction,
defined as the difference of the ab initio SDpT and scaled
SDpT results, relative to ab initio results, is 1:5% for
A7s and 1:3% for A8s for Cs. The corresponding
values for Fr are 0:9% and 0:5% for A8s and A9s,
respectively. We calculated the contributions of the valence
nonlinear SD terms and found them to be relatively the
same for the corresponding Cs and Fr ns states. The contribution of the core nonlinear terms, which may increase

week ending
2 MAY 2008

from Cs to Fr, is substantially smaller than the contribution
of the valence nonlinear terms [21].
The only other significant difference between the Cs and
Fr calculations is the sensitivity of the theoretical hyperfine
constant values to the nuclear magnetization distribution.
Measurements of the hyperfine anomaly can give more
information about the magnetization distribution [22]. It
is expected that the Cs calculation will be much less
sensitive to that effect than the Fr calculation. We model
this magnetization distribution using the Fermi distribution
with the same parameters as we use for the charge distribution. We use a Fermi half-density with c  5:6748 fm
and c  6:7241 fm for Cs and Fr, respectively; the skin
thickness parameter is taken to be 2.3 fm for both atoms.
We study the dependence of the calculated hyperfine constants on c by conducting two additional calculations with
c modified by 10% and 20% for both Cs and Fr. We find
that all ns states are affected by the change in magnetization distribution in the same way. A 10% change in the
values of c results in 0.4% change in the values of Fr ns
hyperfine constants and 20% change in the values of c
results in 0.8% change in all values. For Cs, 10% and 20%
changes in c values result in 0.1% and 0.2% changes in the
ns hyperfine constants, respectively. We note that our
approach relies on the rough modeling of the BohrWeisskopf effect. Nevertheless, the comparison of our
calculations with others [22 –25] show that the discrepancy
in the relevant Fr–Cs difference is below 1%. We investigate further the effect of the uncertainty in the nuclear
magnetization distribution by conducting the same study
on the 7P1=2 levels of Fr. The effect of the magnetization
distribution is 3 times smaller for the 7P1=2 state than for
the ns states, 0.13% for 10% change in c, while the total
correlation effect is larger, 47%. The nuclear magnetic
moment extracted from the 7P1=2 value, 4:33N , is within
1% of the value derived from the 7s state.
Figure 3 shows the ratio of the extracted magnetic moment exp , based on the experimentally measured Aexp and
the calculated Acal , to the known magnetic moment  of
the first three hyperfine splitting intervals in the s series of
Na, K, Rb, and Cs, following the relation exp = 
Aexp =Acal . Table I presents the calculated values of the
hyperfine constants using a nuclear g factor of gI 
0:737886 for 133 Cs and gI  0:733 for 210 Fr. The accuracy
of the calculations is at worst 1% so that the extraction of
the magnetic moment from the hyperfine measurement is
dominated by the theoretical uncertainty and not the experimental one.
We extract the nuclear magnetic moment of 210 Fr using:
exp  th Aexp =Acal  4:385N with the 9s numbers of
Table I, calculated with a trial value of the nuclear magnetic moment for 210 Fr of th  4:40N . The result, with
an error of 1%, agrees with previous calculations of Dzuba
et al. [26] and Vajed-Samii et al. [27] within their stated
precisions. The numbers extracted from the 8s and 7s
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FIG. 3. Ratio of the extracted (measurement of the hyperfine
splitting and theoretical calculation) to known magnetic moments (measured directly) for Na, K, Rb, and Cs for the lowest s
levels. All error bars are due to the uncertainty of the measurements of the hyperfine A constant. The Na, K, and Rb calculations are from Ref. [3], and the Cs result is from the current
work. The experimental values for Na and K come from Ref. [3]
except the 5s in Na [28], Rb: 5s [4], 6s [29], and 7s [30], and for
Cs 6s [4], 7s [15], and 8s [16].

experiments and calculations are the same within our
quoted error and all are consistent with the scaling of the
measured magnetic moment of 211 Fr [10].
The advances in ab initio calculations of the electronic
wave functions in heavy alkali, particularly in Fr, have
reached unprecedented accuracy and permit the extraction
of the 210 Fr nuclear magnetic moment based on a precise
spectroscopic measurement of the 9s hyperfine interval.
The use of excited states reduces the size of correlation
corrections and improves the accuracy of the calculation.
This work is a novel approach to magnetic moment measurements in unstable isotopes.
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